Coding schemes with extremely low computational complexity are required for particular applications, such as wireless body area networks, in which case both very high data accuracy and very low power-consumption are required features. In this paper, coding schemes arising from incidence matrices of graphs are proposed. An analysis of the resilience of such codes to erasures is given using graph theoretical arguments; decodability of a graph is characterized in terms of the rank of its incidence matrix. Bounds are given on the number of decodable subgraphs of a graph and the number of edges that must be deleted in order to arrive at an undecodable subgraph. Algorithms to construct codes that are optimal with respect to these bounds are presented.
when only the summation of two packets is allowed. The analysis for the case that packets are vectors over GF (2) has been considered in [1] , [8] . These schemes have the practical advantage of very low complexity encoding and decoding [9] . Moreover, they can be identified with graphs and studied using that theory. In this paper, we extend these results to the more general case of coding schemes over arbitrary finite fields. The decoding criterion for a coding scheme over GF (q) with q odd is more general than for one over GF (q) with q even.
The rest of the paper is organized as follows. We present preliminaries in Section II, and identify a graph as a code via its incidence matrix. In Section III, we state a necessary and sufficient condition for a given coding scheme to be able to deliver all data at the terminal (in spite of packet erasures) in terms of its corresponding graph representation, in which case we call the graph decodable. In Section IV, we give a definition of decoding probability P G (y, z) for a given coding scheme as the evaluation of transmission success at y = p, z = 1 − p, where p is the reliability of a packet. In particular, we derive a recurrence relation on P G (y, z) for certain coding schemes, which is similar to that for the well-known chromatic polynomial in graph theory. We then discuss in Section V the minimal size b G of a decoding cut in order to find a coding scheme with high decoding probability, and in Section VI lower bounds on the number of undecodable graphs. Section VII proposes some algorithms to produce suitable coding schemes, and Section VIII shows comparisons between various coding schemes. Final remarks can be read in Section IX.
II. PRELIMINARIES
For the framework we consider, a system consists of the sender S, a terminal T and a set of relays. The sender S wishes to send n data packets p 1 , p 2 , . . . , p n in GF (q) to the terminal T , via the relays. Throughout the paper, we always assume that n ≥ 2. At the relays, a total of m encodings f 1 (p 1 , p 2 , . . . , p n ), f 2 (p 1 , p 2 , . . . , p n ), . . . , f m (p 1 , p 2 , . . . , p n ) are computed and transmitted to T . The redundancy r = m/n is the ratio of the number of packets sent to T to the number of original packets. A (linear) coding scheme C for the system is a collection of GF (q)-linear vectorial functions corresponding to packet encodings at relays; that is, C = {f 1 , f 2 , . . . , f m }. We assume for the remainder that each encoded packet f i (p 1 , p 2 , . . . , p n ), 1 ≤ i ≤ m, has the form p j or p j + p k with j = k. This scheme offers both low encoding and decoding complexity.
We next present some preliminaries on graphs (see [10] , [11] for further reading). Let G = (V, E) be a finite (multi)-graph with vertex set V = V (G) and edge multi-set E = E(G) ⊂ V ×V . An edge of G, e = (x, y) ∈ V ×V is said to have initial vertex x and end vertex y. Multi-edges may be distinguished by an edge labelling of G.
A walk starting at vertex x and terminating at a vertex y (or an xy-walk) is a sequence π = x, e 1 , v 1 , e 2 , v 2 , . . . , e , y such that each e k is an edge of G with e 1 originating at x, e ending at y and such that the initial vertex v k of e k+1 is the end vertex v k of e k for k = 1, ..., − 1. If the vertices of walk π are all distinct it is called a path.
The number of edges appearing in a walk is referred to as its length. We write x, v 1 , . . . , v −1 , y to denote any xy-path of the form x, e 1 , v 1 , e 2 , v 2 , . . . , e , y. If G is simple (has no multiple edges) then π is uniquely determined June 6, 2016 DRAFT by the sequence of vertices x, v 1 , . . . , v −1 , y. A walk or path is called a closed walk or cycle, respectively, if its initial vertex is the same as its terminal vertex. It is easy to see that an xy-path exists in G if an xy-walk exists and that a closed walk of odd length implies the existence of a cycle of odd length. We say x is connected to y in G when a walk from x to y exists in G. Graph G is called connected if each pair of vertices are connected, otherwise G is called disconnected. A connected component (or simply component) of G is a maximal connected subgraph of G, where a subgraph H of G is a graph such that V (H) ⊂ V (G) and E(H) ⊂ E(G) hold.
The adjacency matrix A = A G of G is the |V | × |V | integer matrix whose (i, j)-entry is the number of edges with initial vertex x and end vertex y. We write Ω(G) to denote the maximum multiplicity of any edge joining a pair of vertices of G; that is, the maximum entry in A. The incidence matrix B = B G of G is the |E| × |V | 0-1 matrix whose (i, j)-entry is 1 if edge e i is incident with vertex v j with respect to some labelling of the vertices and edges of G. Observe that the (i, j)-entry of A corresponds to the number of walks of length from v i to v j .
We write d L (v) to denote the number of loops (length-1 cycles) incident with a given vertex v, and we let
the number of loops of G. We define the incidence degree of a vertex v, expressed d I (v), as the number of edges incident with v. Each loop at v contributes a count of one to d I (v). We define δ I (G) := min{d I (v) : v ∈ V }. The sum of the incidence degrees S I (G)
Given a connected graph G, the edge-connectivity λ(G) of G is the smallest number of edges such that the resulting graph formed by deleting those edges is disconnected. Observe that λ(G) ≤ δ I (G) since deleting all edges attached to a vertex v with incidence degree d I (v) = δ I (G) makes v isolated.
A graph G = (V, E) is called a bipartite graph or bi-colourable if V can be partitioned into two sets U and W = V \U such that every edge of G is incident with exactly one member of U and one member of W ; that is, no two vertices in the same set are connected by an edge. (Note that a graph with loops is not bipartite, nor indeed colourable.) There are several characterizations of bipartite graphs. One that is relevant to this paper is König's well-known result (see [10, Chapter 1] ).
Theorem II.1 A graph is bipartite if and only if it has no cycle of odd length.
We now relate identify a coding scheme with a multi-graph. Consider the case that the sender S sends n packets p 1 , p 2 , . . . , p n ∈ GF (q) to the terminal T with redundancy r. Given a coding scheme C = {f 1 , f 2 , . . . , f m } we generate a multi-graph representation G = G C for C as follows.
1) G has as vertices p 1 , p 2 , . . . , p n .
. . , p n ) = p j + p t for some f i (i.e., if p j + p t is sent to the terminal T ).
3) G has a loop at p j if f i (p 1 , p 2 , . . . , p n ) = p j for some f i ∈ C (i.e., if p j itself is sent to T ).
An example of a coding scheme C and its corresponding graph representation is given in Table I and Figure 1 .
The erasure of packets during a transmission is identified with deletions of corresponding edges in G. Also, for a June 6, 2016 DRAFT case with n packets and redundancy r, any graph representation of a corresponding coding scheme must have n vertices and m = rn edges.
Encoding at the sender S p1 p2 p3 + p4 p4 + p5 p5 + p6 p6 + p1 p4 p5 p6 + p7 p7 + p8 p8 + p9 p9 + p4 p7 p8 p9 + p10 p10 + p11 p11 + p12 p12 + p7 p10 p11 p12 + p1 p1 + p2 p2 + p3 p3 + p10 TABLE I AN EXAMPLE OF A CODING SCHEME C Fig. 1 . The graph representation G = G C of coding scheme C in Table I III. DECODABLE GRAPHS We provide a necessary and sufficient condition on the graph representation of a coding scheme for full packet retrieval at the terminal T extending [1, Theorem III.1]. For the remainder of this paper, when a case with n packets and redundancy r is given, we let C = {f 1 , f 2 , . . . , f rn } denote a coding scheme over GF (q) for the system, where each f i is an encoding of packets p 1 , p 2 , . . . , p n ∈ GF (q) , and we let G = G C denote the graph representation of C. H will denote a subgraph of G formed by deleting a corresponding edge of G for every erasure occurring in a given transmission. Throughout this paper, we denote by D(n, m) the set of decodable graphs on n vertices and m edges. We always set m ≥ n since it is impossible to uniquely retrieve all n packets from m received packets if m < n. One criterion for decodability is given by the following.
Lemma III.1 Suppose that the terminal T has retrieved the packet p i for some i ∈ {1, 2, . . . , n}. Then for every p j connected to p i in H, the packet p j can be retrieved by T . Proof: Let P be the n × matrix whose rows are the vectors p 1 , p 2 , . . . , p n . The encoded packets received by the terminal decoder are the rows of the |E(H)| × matrix M = B H P . The equation M = B H P can be solved for unique P if and only if B H has rank n over GF (q).
A criterion to determine whether or not the incidence matrix of a graph has full rank as a real matrix is already known. For example, in [12] it was shown that the incidence matrix of a loop-free graph has full R-rank if and only if it has no bipartite connected components nor isolated vertices. It is not hard to see that, for odd q, the argument given there holds also for the GF (q)-rank of an incidence matrix (cf. [12] ), with a minor modification to include the case of a graph with loops.
Theorem III.3 Let F be a field of characteristic not equal to 2. The rank over F of the incidence matrix of an undirected graph with n vertices, s bipartite components and t isolated vertices is n − s − t.
Applying Lemma III.2 and Theorem III.3, for fields of odd characteristic we have the following characterization of decodable subgraphs.
Corollary III.4 Let C be a coding scheme over GF (q) for odd q. Then the subgraph H of G is decodable if and only if each connected component of H is neither a bipartite graph nor an isolated vertex.
To summarize, we obtain the following theorem.
Theorem III.5 Let C be a coding scheme over GF (q), and G be its graph representation. Then a subgraph H of G is decodable if and only if exactly one of the following holds:
1) q is even and every connected component of H has a loop,
2) q is odd and every connected component of H has an odd cycle.
Proof: Let U be a connected component of H. If U has a loop, then from Lemma III.1 each packet p i ∈ V (U )
can be retrieved. Suppose that q is even and that U has no loop. Then every row of B U has Hamming weight exactly 2 so the sum of the columns of B U is zero over GF (q) and the system has rank less than |V (U )|. If q is odd, then from Corollary III.4 and Theorem II.1, U has an odd cycle if and only if it is decodable.
The following is now immediate from Theorem III.5.
Corollary III.6 Let C be a coding scheme over GF (q) for odd q. Then a connected subgraph H of G is decodable if and only if the adjacency matrix A = A H of H satisfies TrA > 0 for some odd number ∈ {1, 2, . . . , n}. The robustness of a coding scheme against packet loss can be measured as a function of the number of decodable subgraphs found upon deleting some edges. We will next define and discuss such a function.
IV. THE DECODING PROBABILITY
We first recall definitions provided in [1] . Given a graph G ∈ D(n, m), we denote by c G x the number of decodable subgraphs of G formed by deleting x edges of G, and we write u We define the decoding probability of G by P G (p, 1 − p), where
and p is the probability that an edge is not deleted; that is, the probability that a packet is successfully transmitted to the terminal. In other words, 1 − p is equal to the packet loss rate for each packet. It is clear that the decoding probability is the probability that all packets are retrieved at the terminal even though some packet loss occurs during transmission, and indeed, measures the robustness of a coding scheme against packet loss.
In this section, we will first make an approach for analyzing the decoding probability of a graph G, using precomputed decoding probabilities of graphs G − e j and G · e k obtainable by the deletion and the contraction of edges between u and v, respectively, as denoted below.
For a graph G and distinct vertices u, v in G, suppose that there are k ≥ 1 edges e 1 , e 2 , . . . , e k connecting u and
to be the graph obtained by deleting j edges from those k edges, and G · e k to be the graph obtained by identifying the ends u, v as a single vertex (i.e., by applying the contraction of edges between u and v). The following lemma states a relationship between G, G − e j and G · e k .
Lemma IV.1 Let G ∈ D(n, m) be a graph representation of a coding scheme over GF (q), and suppose there are k edges e 1 , e 2 . . . , e k connecting distinct vertices u and v in G. Then for the case when
1) If q is even; or
2) If q is odd and no edge in e k (= e k (u, v)) can be included in a cycle in G,
we have
Proof: Observe that there are k + 1 mutually exclusive cases when deleting x edges from G;
June 6, 2016 DRAFT (A) the x edges include j edges (1 ≤ j ≤ k) from e k ; or (B) the x edges do not include any edge in e k .
It is trivial that the number of decodable graphs in case (A) is given by Let H be a subgraph of G such that e k ⊂ E(H). Then, it is straightforward to check that H and H · e k have the same number of components and loops at each component. Furthermore, for GF (q) with q odd, from the assumption on e ∈ e k , we have that H has an odd cycle if and only if H · e k has an odd cycle. Hence, for any q, we can conclude that H is decodable if and only if H · e k is decodable. Therefore, set f :
and then f is obviously bijective, which completes the proof.
From Lemma IV.1, we can obtain the following corollary which indicates the relationship of P G , P G−e j and P G·e k . A similar result holds for the chromatic polynomial in graph theory.
Corollary IV.2 Let G ∈ D(n, m) be a graph representation of a coding scheme over GF (q), and suppose there are k edges e 1 , e 2 . . . , e k connecting distinct vertices u and v in G. If assumption 1) or 2) in the statement of Lemma IV.1 holds, then we have
Proof:
where (2) is from Lemma IV.1, (3) is obtainable from with n ≤ n and m < m in advance, the decoding probability of G can be obtained recursively.
V. DECODING CUTS
Our interest is to find a graph G ∈ D(n, m) (for some fixed m and n) which has the maximum decoding probability amongst all graphs in D(n, m). To this end, we define a decoding cut L of G, as follows. Given
. Clearly a high value of b G is desirable for a good coding scheme.
A. Upper bounds on b G for GF (q) with q even We first discuss some upper bounds on b G for GF (q) with q even. Recall from Theorem III.5 that a graph H is decodable if and only if each component of H has a loop.
Remark 1 For b G of a graph G, we note the following.
) since deleting all loops in G or deleting all edges attached to a vertex v with incidence
The following lemma can be easily obtained using elementary graph theory.
From Lemma V.1, it follows that for a system sending n packets with redundancy r, any graph representation
, which is simply 2r − 1 whenever r ≤ We next discuss some upper bounds on b G for GF (q) with q odd, where the notion of cuts in graph theory plays an important role.
Recall that a cut of a graph G = (V, E) is a partition of the vertex set V into a pair of disjoint subsets V 1 and
The cut-set of the partition is the set of edges of E that have one endpoint in V 1 and the other in V 2 . A cut is called a maximal cut if no other cut has a larger cut-set. A maximal cut of a graph can be identified with a maximal bipartite subgraph as follows. A subgraph (V, E ) of G is bipartite if and only if its edge set E form a cut-set of a partition of the vertices of V . Then a bipartite subgraph has a maximum number of edges when its edges correspond to a maximal cut of G. We denote this number by Γ(G).
Lemma V.2 The size of the minimum D-cut b G of G = (V, E) is upper-bounded by the following:
Proof: The first item is clear since we can make an isolated vertex by deleting δ I (G) attached edges from a vertex v with incidence degree d I (v) = δ I (G), and the isolated vertex is unretrievable.
To see that (ii) holds, note that to produce a bipartite subgraph (V, E\L) of G by deleting edges L from E we must have |L| ≥ |E| − Γ(G) and we have equality exactly when (V, E\L) is a maximal bipartite subgraph of G.
There are several bounds on the size of a maximal bipartite subgraph. We will use the following results of Edwards (cf. [13] , [14] and [15] ).
Theorem V.3 (Edwards) Let G = (V, E) have n vertices and m edges. Then
Applying Theorem V.3 to (ii) of Lemma V.2 immediately gives the following bounds on b G .
Corollary V.4 Let G = (V, E) have n vertices and m edges. Then
The following lemma gives us an upper bound on b G from the perspective of the minimum incidence degree
Lemma V.5 For G ∈ D(n, m), δ I (G) ≤ 2m/n, and therefore, b G ≤ 2m/n.
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Proof: Recall that the sum of the incidence degrees
VI. LOWER BOUNDS ON THE NUMBER OF UNDECODABLE GRAPHS
We have discussed upper bounds of b G , which counts the number of edges that must be deleted to produce a undecodable subgraph. In this section, we give lower bounds on the number of undecodable subgraphs u G
Let α be the number of vertices with incidence degree b G and let β be the number of vertices with incidence degree at least b G + 2. Then by considering the sum of incidence degrees, we have We can also show a tight lower bound of u G b G +y when y is small. We first note the following lemma which can be used in the latter lemma.
Then, with the same notation as in Lemma VI.1, β = 0 and either
Proof: Let θ = b G (n + 1) + n − 2m. Recall that, as in the proof of Lemma VI.1,
Therefore,
For the case α = θ, from (5), we must have L G = b G and β = 0. For the case α = θ + 1, we have
= α, every undecodable subgraph of G found by deleting b G edges is constructed by deleting the b G edges that meet a vertex of incidence degree b G . If L G = b G , then G has a vertex of incidence degree b G that is incident with every loop of G, contradicting the decodability of G. We deduce that β = 0 and
Using Lemma VI.2, we obtain the following lemma giving a lower bound on u G b G +y for small values of y. Recall from Section II that Ω(G) denotes the maximum multiplicity of any edge joining a pair of vertices of G and
is the number of loops incident with vertex v. 3) Delete all L G loops of G, and then delete a further b G + y − L G edges arbitrarily.
Lemma VI.3 Let G be a graph satisfying the hypothesis of Lemma VI.2. Let
Observe first there are exactly α
) ways to produce an undecodable subgraph by the operation 1) (respectively, by the operation 2)).
The operations 1) and 2) are mutually exclusive, since in 1) at most y ≤ b G − 1 edges are deleted from a vertex of incidence degree b G + 1. Moreover, the operations 2) and 3) are exclusive to each other, since when b G − y edges are deleted so that a vertex v of incidence degree b G + 1 is isolated, at most d L (v) + y − 1 loops can be deleted and
June 6, 2016 DRAFT Similarly, 1) and 3) are exclusive, since when a vertex v of incidence degree
It follows that
which yields for any G ∈ D(n, m),
For given u G x , we can compute a lower bound on u G x+z for z ≥ 0 by using the following easy result.
Lemma VI.4 Let G be a graph with n vertices and m edges. Then
for any z ≥ 0. 
B. For GF (q) with q odd
Finding good lower bounds on u G x can be a hard task since not only loops but also odd cycles must be taken into consideration for determining whether a given graph is decodable or not. We have, up to this moment, the following sharp lower bound on u G 2r for some special class of graphs.
Lemma VI.6 Let G be a graph in D(n, rn), where r ≥ 2 and n ≥ 4, with the minimum incidence degree
June 6, 2016 DRAFT Proof: First observe that if δ I (G) = 2r, then each vertex has incidence degree 2r (i.e. G is a 2r-regular graph).
Indeed, if there exists a vertex with incidence degree strictly greater than 2r, then we have nδ I (G) < S I (G), which is a contradiction since 2rn = nδ
If b G = δ I (G) = 2r, then it is straightforward to check that u 
holds by assumption on n and r, we have u G 2r ≥ n.
VII. ENCODING SCHEMES
In this section, we introduce two algorithms that produce graphs meeting the bounds derived in the previous sections.
Algorithm 1 yields an optimal coding scheme for GF (q) with q even. Note that the subscripts i of the packets p i are computed modulo n in what follows, unless explicitly stated otherwise.
Algorithm 1 : A coding scheme for a system with n packets p 1 , p 2 , . . . , p n and redundancy r. Require: Let k be a proper divisor of n; so n = sk for some integer s > 1. 
set f b+(a−1)rs := p b+(a−1)s
5:
else if b ≤ s − 1 then
set f b+(a−1)rs := p b+(a−1)s + p b+as .
7:
else if s ≤ b ≤ rs − 1 then
set f b+(a−1)rs := p b+(a−1)s + p b+(a−1)s+1 .
9:
set f b+(a−1)rs := p b+(a−1)s + p 1+(a−1)s .
11:
end if 12: end for 13: return C = {f 1 , f 2 , . . . , f rn } as a coding scheme.
Example 1 Consider the case of 9 packets, redundancy 2. Suppose that k = 3 and L G = 4 in Algorithm 1.
First prepare a 3 × 6 list (together with the column-wise orders in brackets) as shown below.
Step 1: Since L G = 4, for all (a, b) satisfying 1 ≤ h c (a, b) ≤ 4 which are (1, 1), (2, 1), (3, 1), (1, 2) , set f 1 =
Step 2: Else,
• for (a, b) with b ≤ 2, set f b+(a−1)rs = p b+(a−1)s + p b+as .
• for (a, b) with 3 ≤ b ≤ 5, set f b+(a−1)rs = p b+(a−1)s + p b+(a−1)s+1 .
• for (a, b) with b = 6, set f b+(a−1)rs := p b+(a−1)s + p 1+(a−1)s . Table II shows the resulting coding scheme C under Algorithm 1.
Encodings at the relays p1 p2 p3 + p4 p4 + p5 p5 + p6 p6 + p1 p4 p5 + p8 p6 + p7 p7 + p8 p8 + p9 p9 + p4 p7 p8 + p2 p9 + p1 p1 + p2 p2 + p3 p3 + p7 Algorithm 2 produces optimal schemes over GF (q) for q odd. Table III shows the coding scheme under Algorithm 2 for 9 packets and redundancy 2.
Algorithm 2 : A coding scheme for a system with n packets p 1 , p 2 , . . . , p n and redundancy r.
for all 1 ≤ i ≤ nr do set f i := p i + p i+ i n . end for return C = {f 1 , f 2 , . . . , f rn } as a coding scheme.
Encodings at the relays p1 + p2 p2 + p3 p3 + p4 p4 + p5 p5 + p6 p6 + p7 p7 + p8 p8 + p9 p9 + p1 p1 + p3 p2 + p4 p3 + p5 p4 + p6 p5 + p7 p6 + p8 p7 + p9 p8 + p1 p9 + p2 Recall from Subsection V-A that b G ≤ 2r − 1 for GF (q) with q even. The following proposition shows that it is indeed possible to generate a graph G for which b G = 2r − 1 holds based on Algorithm 1.
Proposition VII.1 Let C be the coding scheme for a system sending n packets defined as in Algorithm 1, where the integers k and r satisfy k, r ≥ 2. Let s = n/k and let the graph representation G of C satisfy
Proof: Let t = sr. Observe that the graph representation G of C under Algorithm 1 satisfies the following properties.
1) Any (a, 1) with 1 ≤ a ≤ k satisfies h c (a, 1) = a ≤ k ≤ L G . Since n = sk by assumption, each vertex p i with i ≡ 1 (mod s) has a loop.
2) Any (a, b) such that b ≥ s satisfies h c (a, b) ≥ a + (s − 1) k > L G , and therefore, lines 7-8 in the algorithm are applied to all pairs (a, b) with (s − 1)k ≤ b ≤ rs − 1. Since there are in total sk(r − 1) = n(r − 1) of such pairs, for each 1 ≤ i ≤ n, the number of edges between vertices p i and p i+1 is r − 1.
3) From 2), G has a connected subgraph consisting of multi-edges (p i , p i+1 ), 1 ≤ i ≤ n, and hence, G itself is connected. Furthermore, G cannot be disconnected without deleting the multi-edges (p i , p i+1 ) and (p j , p j+1 ) for some pair (i, j) with i = j.
4) If a vertex p i does not have a loop, then
• it is adjacent to vertex p i+s when i ≡ 0 (mod s) from lines 5-6 in the algorithm.
• it is adjacent to vertex p i−t+1 otherwise from lines 9-10 in the algorithm.
From the statements above, it is straightforward to see that G is connected and δ I (G) = 2r − 1 holds, which automatically implies b G ≤ 2r − 1 from 1) in Remark 1. So we focus in the rest of the proof that b G ≥ 2r − 1 also holds. Now suppose that for some pair (i, j) with i = j, the multi-edges (p i , p i+1 ) and (p j , p j+1 ) are deleted from G (so 2(r − 1) edges are deleted in total), and call the resulting graph G. Denote by H i the subgraph of G induced by the vertices p i+1 , p i+2 , . . . , p j , and by H j the one induced by the vertices p j+1 , p j+2 , . . . , p i . If both H i and H j contain loops, then we can conclude that b G ≥ 2r − 1. Furthermore, it cannot happen that neither H i nor H j have loops since L G = L G ≥ 1. Therefore, we need only to consider the case for which H i contains a loop but H j does not. In this case, we will focus on H i and H j as subgraphs of G, and show the existence of an edge in E( G) joining them, which implies that b G ≥ 2r − 1.
As H j does not contain loops, |V (H j )| < s since otherwise, at least one of the vertices p in H j satisfies ≡ 1 (mod s), and therefore, H j contains a loop from Property 1).
If H j contains a vertex p with ≡ 0 (mod s), p is adjacent to the vertex p −t+1 , where − t + 1 ≡ 1 (mod s) as t = sr. Since p −t+1 has a loop from Property 1), it is in
there exists an edge in E( G) joining H i and H j as required.
Furthermore, we can also prove that when 2r − 1 ≤ L G ≤ 2r the graph G in Proposition VII.1 satisfies Proposition VII.2 Let G be the graph satisfying the conditions described in Proposition VII.1. If k ≥ 3, r ≥ 2 and L G is either 2r − 1 or 2r, then we have u
Proof: It is straightforward to check from the construction of G that the number of vertices with incidence June 6, 2016 DRAFT 
We will show that we cannot construct other undecodable subgraphs by deleting 2r − 1 edges from G (that is, other undecodable subgraphs of G with exactly nr − 2r + 1 edges).
Assume by contradiction that there exists an undecodable subgraph H of G with nr − 2r + 1 edges constructed by neither (1) nor (2) above. Then H must be disconnected since otherwise, we have to delete all L G ≥ 2r − 1 loops to make H undecodable. Therefore, from 3) in the proof of Proposition VII.1, 2r − 2 edges (p i , p i+1 ) and (p j , p j+1 ), i = j, must be deleted from G to generate H.
As before, let G be the subgraph of G found by deleting the multi-edges (p i , p i+1 ) and (p j , p j+1 ) for some i = j.
Again, let H i and H j be the subgraphs of G induced by the vertices p i+1 , p i+2 , . . . , p j , and p j+1 , p j+2 , . . . , p i , respectively.
First suppose r ≥ 3, so that neither H i nor H j can be disconnected by deleting another a single edge. If can conclude that we need to delete two or more edges from G to make H, which shows that |E(H)| < nr −2r +1. we have there exists an edge joining H i and H j . For each case, we can conclude that |E(H)| < nr − 2r + 1, and hence, it is impossible to make an undecodable graph with nr − 2r + 1 edges except for deleting edges according to (1) and (2), as required.
We next suppose that r = 2. If neither H i nor H j can be disconnected by deleting another a single edge, then use the same argument above. So suppose that H j can be disconnected by deleting a single edge.
As before we can assume that |V (H i )|, |V (H j )| ≥ 2. Now, assume that an edge (a, a+1) is deleted from H j and the resulting graph is disconnected. There are two cases to consider. In the first case we suppose that H i contains a loop. If |V (H j )| < s, each vertex in H j with no loops is adjacent to some vertex in H j . If |V (H j )| ≥ s, at least one vertex in H j has a loop, which implies that at least one of two components in H j has a loop. We have the following proposition, for Algorithm 2.
Proposition VII.3 Let C be the coding scheme for a system sending n packets and redundancy r, where n > 3, defined as in Algorithm 2. Suppose that n/2 < 4r < n. Then the representation G = G C of C satisfies b G = δ I (G) = 2r, and furthermore, that u
Proof: Observe that each vertex p i of G is adjacent to 2r vertices p i±k , 1 ≤ k ≤ r, and hence,
for each i. We claim that except for the case of deleting 2r edges incident to a vertex, deleting 2r or fewer edges results in a decodable subgraph.
We first show that deleting 2r or fewer edges rather than 2r incident edges to a vertex always gives us a connected graph. Consider a cut of vertex set V of G; so suppose that V is partitioned into two sets V 1 and
and assume without loss of generality that t ≤ n/2 since the case of t > n/2 implies that |V 2 | = n − t ≤ n/2 and the argument below follows by replacing V 1 with V 2 .
Since there are no multi-edges in G, at most t 2 edges are used to connect vertices in V 1 , and therefore, the size of the cut-set is at least 2rt − t 2 . From the following inequality
we have that the size of the cut-set is bigger than 2r as long as 1 < t < 4r. Therefore, we can conclude that the resulting graph is connected whenever n/2 < 4r.
We next show that any resulting graph after deletion of edges has an odd cycle. Consider a subgraphG of G consisting of n triangles (cycles of length 3) τ i : p i , p i+1 , p i−1 , p i with 1 ≤ i ≤ n. It is trivial that τ i and τ i are edge-disjoint (i.e., they do not share the same edges) if i and i are both even, and hence, there exist n/2 edge-disjoint triangles inG. Thus, at least n/2 edges should be deleted fromG to make a decodable graph.
If n is even, then n/2 = n/2 = n/2 . If n is odd, then n/2 = (n − 1)/2. However, since each edge is used within at most 2 triangles, at least another edge must be deleted to remove all n triangles, which results in a total of (n − 1)/2 + 1 = (n + 1)/2 = n/2 edges.
It follows that for any n, at least n/2 edges must be deleted if the resulting graph is undecodable. Then as long as n/2 > 2r, the result holds.
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VIII. COMPARISON OF VARIOUS CODING SCHEMES
In this section, we will analyze robustness against packet loss for the coding scheme given by Algorithm 1 and Algorithm 2. We compare each coding scheme over GF (q) with q even and with q odd by computing its decoding probability.
Throughout this section, set the number of packets n = 9 and redundancy r = 2. We consider the following 12 graphs for comparison.
• G 0 , G 1 , . . . , G 9 are the graph representations of coding schemes obtained by Algorithm 1 with divisor k = 3,
where we set the number of uncoded packets (i.e. the number of loops) to be 0, 1, . . . , 9, respectively.
• G is the graph representation of a coding scheme obtained by Algorithm 2.
• G be the graph corresponding to transmitting packets without coding (i.e., each packet is sent twice to the terminal without coding). Tables V, VI and VII provide the decoding probabilities P H (p, 1 − p) for each graph H when p = 0.6, p = 0.7 and p = 0.8, respectively. Recall that p is the probability that each packet is successfully transmitted, and graphs with higher decoding probabilities are preferred.
Observe that the decoding probability of a coding scheme over GF (q) with q odd is higher that over GF (q) with q even; for coding schemes over fields of even characteristic decoding relies solely on the presence of loops in each connected component, whilst over fields of odd characteristic any odd cycle in each component will suffice.
Furthermore, we can also confirm that the decoding probability of H increases as b H gets larger.
More importantly, G 3 (a graph with 3 loops) and G give the highest decoding probability amongst those 12 coding schemes over GF (q) with q even and with q odd, respectively, which supports the results provided in this paper. Figures 2 and 3 show the decoding probabilities P H (p, 1 − p) for G 3 , G and G over GF (q) with q even with q odd, respectively, for comparison. From these figures, we can see that decoding probability can be increased by up to 0.42 (at p = 0.65) for q even and 0.51 (at p = 0.64) for q odd, by using the proposed low-power coding schemes. 
IX. FINAL REMARKS
In this paper, we theoretically analyzed the robustness of coding schemes against packet loss, using only additions of two packets over GF (q). Such coding schemes are well-suited to systems for which data reliability and low computational complexity are strongly preferred (e.g. WBANs since they require little energy for encoding and decoding). We introduced some criteria for a coding scheme to have high decoding probability using graph theory. June 6, 2016 DRAFT Fig. 2 . The decoding probabilities of G 3 , G and G over GF (q) with q even. Fig. 3 . The decoding probabilities of G 3 , G and G over GF (q) with q odd.
We also compared decoding probabilities of different schemes. Our results suggest that coding schemes defined over GF (q) with q odd may outperform their counterparts defined over GF (q) with q even.
The results here are related to problems such as the number of bipartite subgraphs of a graph and the size of a maximal cut of a graph. We remark that for linear functions f i (p 1 , p 2 , . . . , p n ) = j∈J p ij with J ⊂ {1, 2, . . . , n} of size greater than 2, a hypergraph representation can apply. Then as in Lemma III.2, the scheme is decodable if and only if its incidence matrix has full rank n.
